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Abstract: We consider the action of a non-abelian T-duality on backgrounds with an 
AdSs factor in type IIA supergravity, finding a new type IIB background, as well as the 
non-abelian T-dual of a domain wall solution which has as limits the non-abelian T-dual 
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Keywords: T-duality, AdS/CFT correspondence, non-abelian 



Contents 


1 Introduction 1 

2 Non-Abelian T-Duality in a nutshell 2 

3 Warped AdS^ solution 4 

3.1 Nonabelian T-dual model 6 

4 Flowing from AdS^ to AdS^ 10 

4.1 AdS^ solution and its non-abelian T-dual 12 

4.2 Domain Wall and its non-abelian T-dual 15 

5 Dual conformal field theories, central charges and RG fiow 16 

5.1 Page charges 18 

5.2 Central charges 20 

6 Conclusions 21 

A Nonabelian T-duality action on RR fields 22 

A.l Particular cases for the coefficients 23 


1 Introduction 

Since the begining of string theory, the notion of duality symmetries has played an impor¬ 
tant role. In the early days of string theory, when it was a model for strong interactions, 
the observation that the amplitude of a scattering process could be written equally well in 
terms of the s- or t-channel Mandelstam variables led to the name of ” dual models” [1] . 

Nowadays, many different dualities exist in string theory, for instance Gauge/Gravity 
duality [2, 3], S-duality, T-duality [4], Mirror Symmetry [5, 6], Langlands duality [7, 8]. In 
this paper we are interested in the non-abelian generalization of T-duality (started by the 
paper [9]), which is the case where the isometry group of the background is non-abelian. 
Differently than its abelian cousin, the non-abelian T-duality has been poorly understood, 
and just recently the action of the transformation on the RR fields was found [10, 11]. 

The general procedure for T-duality follows the original idea of Buscher [12], that is, 
we start with a cr-model which supports an isometry such as U{N). Then we gauge the 
isometry, but we need to impose a constraint by means of Lagrange multipliers which guar¬ 
antees that the connection field strength remains equal to zero. This constraint enforces the 
condition that after gauging the isometry, the initial degrees of freedom remain unchanged. 

The duality works as follows. On one hand, by solving the equation of motion for 
the Lagrange multipliers and replacing the solution into the action, we recover the original 
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model. If instead we solve the equation of motion for the connection and we gauge fix, we 
find the dual fj-model. 

Non-abelian T-duality can be used as a solution generating technique, that is, starting 
from a solution of supergravity, we can find another solution by a simple set of transfor¬ 
mations rules. These solutions can be understood better through another type of duality, 
the gauge/gravity correspondence. 

Particularly interesting solutions in light of this fact are those with AdS^ factors. In 
fact, one of the first examples of the application of a non-abelian T-duality transformation 
in a background supporting a non-trivial RR field was in the Klebanov-Witten solution 
which consists of a space of the form AdS^ x where T^d jg homogenous space 
{SU{2) X SU{2))/U{1). 

Recently, [13] reported a large class of new solutions with AdS^ factors and made the 
analysis of the field theory^, following [17], which performed a non-abelian T-duality in a 
type IIB solution of the type AdS^ x , where this solution was obtained in [18] after 
a dimensional reduction oi D = 11 supergravity, followed by an abelian T-duality. The 
study of non-abelian T-duality of AdS backgrounds was initiated in [11, 19] 

In this article we explore the non-abelian T-duality on the type IIA supergravity solu¬ 
tion (that is, before the abelian T-duality which gives AdS^ x X^) of the form AdS^ XwM. 5 , 
where the internal manifold is obtained after a dimensional reduction of a space that con¬ 
sists of a 2-sphere bundle over S'^ x [18]. Another application considered relates to the 
background found in [20]. It consists of a domain wall with non trivial fluxes in the NS-NS 
and RR sectors. This domain wall solution flows to the background AdS^ x x 5^ x 5^ 
in the IR limit, and in the UV to AdS^ x T^’^. We study the T-dual of this domain wall 
and see that it has as limits the T-dual of AdS^ x and AdS^ x x x S^. We 
then study the implication of non-abelian T-duality for the dual conformal field theories, 
through a calculation of central charges. 

The paper is organized as follows. In section 2 we review non-abelian T-duality and 
in section 3 we apply it to the warped AdS^ solution. In section 4 we consider the T-dual 
of the domain wall solution. In section 5 we consider dual conformal field theory aspects 
of the T-dual solution and calculate central charges, and in section 6 we conclude. 

2 Non-Abelian T-Duality in a nutshell 

Since the present work deals with the uses of the Non-Abelian T-duality as a solution gen¬ 
erating technique, we start with a review of this procedure, following mostly [11]. Consider 
a background that supports an SU (2)-structure, so that we write the metric in the form 

ds'^ = Gf,^{x)dx>^dx‘' + 2G^i{x)dx^^V + gij{x)VV ( 2 . 1 ) 

where = 1,..., 7, and L* are the Maurer-Cartan forms for SU{2). In general we also 
have non-trivial Kalb-Ramond two-forms 

B = Bf,^dx>^ A dx’' + B^idx^^ A L* + A V, (2.2) 

^Nonabelian T-duality on solutions with AdS factors was considered also in [14-16]. 
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and a dilaton $ = $(x). The important point here is that all dependence on the SU{2) 
Euler angles "0) 0 is contained in the one-forms L*. 

Next, define the vielbeins 


e“ = 


with T = 1,..., 7 and a = 1, 2, 3. Imposing 


(2.3) 




-h e“e 


a 


(2.4) 


by direct comparison with (2.1) we have 

G^u = = gij, K“iA“ = G^i , (2.5) 

where we defined A“A“ = K^y. 

If we combine the metric and B field into Q and E by 


Q — Gfj^y B^y, Q — G/ii T B^i 

Qifj, — Gifj^ -|- Bi^^ Eij — gij -\- bij , 

one can show that the non-abelian T-dual background is 

Qiiu = Qiiv - QiiiMr.^Qjy, Eij = Mr.^ 

Qiii — Qnj^^ji 1 Qifi — ~^^ij QjlJ.1 

where the matrix M is defined by 

Mij = Eij + a' f^j^Vk- 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


Here f^j^ = V^eijk are the structure constants of the group SU{2) and Vi are originally 
Lagrange multipliers, now dual coordinates. We can make the scaling Vi —so that 
the dual fields are written as 


and 


ds^ = Gfj_y{x)dx^dx'^ + -^Gfj,i{x)dx^dv^ -|- ^gij{x)dv^dv^ 

v 2 2 


B = B^ydx^ A dx'^ + -^B^idx^ A du* -|- ^bijdv^ A dvE 


and dilaton (transformed at the quantum level as usual) 


= d> -In 

^ 2 


1 , / det M 


a: 


,/3 


(2.9) 

( 2 . 10 ) 


( 2 . 11 ) 


Besides the spectator fields x^, the dual theory depends on 6,il!,(j),v^, so we have too 
many degrees of freedom. We need to impose a gauge hxing in order to remove three of 
these variables, usually taken to be d = V' = </> = 0. Then one finds 

(det gg^^ + yY - e^^^gkiV^) (2.12) 
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where we have defined bij = eijkbk and yi = bi + a'vi. For a gauge fixing different than 
0 = ■0 = (^ = 0 , one defines Vi = DjiV ^, where 

= iTr {T^gr^g-^), g = (2.13) 

(tj are the Pauli matrices) and replaces everywhere Vi by Vi. 

The dualization acts differently on the left- and the right-movers which produces two 
different sets of frames e!|_ and el_ that are related by a Lorentz transformation e“ = 

The action on the spinor representation of the Lorentz group is given by 

= AV''- (2-14) 

Considering the RR sector in the democratic formalism (we consider the fluxes and 
their Hodges dual as well), we define the polyforms in type II supergravity 

IIB: P=-Y,f2n+1, 11A-. P=-Y,f2n (2-15) 

n=0 n=0 

Then the non-abelian T-dual forms are obtained by the transformation (applied to the 
non-abelian case by [17], following work in the abelian case by [21]) 

p = p.n-^. (2.16) 


3 Warped AdS^ solution 

Supersymmetric solutions of H = 11 supergravity of the form AdS^ Xy^ A4 q, with non¬ 
trivial four form flux living in the internal Riemann manifold were considered in [18]. 
The authors found that the six dimensional Riemannian manifold always admits a Killing 
vector, and that locally, the five-dimensional space orthogonal to the Killing vector is a 
warped product of a one dimensional space parametrized by the coordinate y and a four¬ 
dimensional complex space Ai 4 . 

Also, the authors found a large class of regular solutions. One of this solutions, namely 
A 44 = X is peculiar. Firstly we can reduce on an 5^ direction in the torus so that 
we can obtain a regular solution of type IIA solution of the form, AdS^ x X'^. Moreover, 
after a T-duality on the other we get a type IIB solution of the form AdS^ x X^, where 
X^ is a family of Sasaki-Einstein manifolds, and the global aspects of these spaces was 
studied in [22, 23]. 

The type IIA solution of [18] is of the form 

= ds^iAdS^) + ai{y)dy^ + OL 2 {y)dx^ + /3i(y)(T? -k LI) + P 2 {y)Ll, (3.1a) 

G^u{x)dx^dx^ gij{x)LiLj 

= ^{y)dx A L 3 (3.1b) 

Byidxi^ALi 

(j) = 4>{y) 

= g{y)dy A Vol{S^) A L 3 


(3.1c) 

(3.1d) 







where Li = aij^pl^ with i = 1,2,3 are the Maurer-Cartan forms of the group SU{2), 
satisfying 

dLi —'s/^Cijf^Lj A (^•^) 

with the left invariant forms 


(Ti = cos ipdO + sin if; sin 9d(j) 

(T 2 = — sin 'tpdO + cos ij: sin Odcj) (3.3) 

as = d^jJ + cos 6d4>. 

The coefficients of this solution are given by 

ai{y) = e“®^sec^C, /3i(y) = , /32(y) = 

and T]{y) 


2^2(1 - cy) _ 2 V 2 




A, 


7(y) = - 


V2{ca + cy^ - 2y) 
6(a - ?/2) 


so that the metric is 

ds^ = E?‘ds^{AdSs) + sec^ (dy'^ + B?e~^^dx^ + {dO^ + sin^ OdcjP') 

^2 (3-5a) 

+ — cos^ (^{dijj + cos Odcf ))^, 

9 


where x parametrizes the circle 5^ of length 2'Ka'/{IB?), with^ 


3g2 — 2p2 -g 4p2 — 3(jr2 ’ 


(3.5b) 


(0,(/)) are the polar and azimuthal angles in 5^, y G (^1,2/2) and 0 < V' < 27r (note that in 
our conventions, x and y are dimensionless, i.e. are written in units of R). The angle C, is 
defined by sin^ = 2ye~^^ and = 2(a — y^)/(l — cy) and a, c are constants such that, if 
c ? 0 then 0 < a < 1, and if c = 0 then a ? 0, and if c 7^ 0 one can set it to 1 and find 

Q = ^ + V V - 3g^ , (3.5c) 

where p,q G Z. 

The dilaton is 

0 = -3A (3.5d) 

and the Kalb-Ramond held is 

B = R? {d'lp + cos Odcp) A dx. (3.5e) 

6(a - y^) 

In the RR sector, we have only a nonzero four-form held 

F4 = -i^3 2(l -C2/) ^^ ^ ^ cos9d(j)) A Vol{S^). (3.6) 

9 

^At the level of the supergravity action, the periodicity of x is arbitrary [18]. But it is T-dual to a IIB 
solution involving Sasaki-Einstein spaces, for which there is a geometric constraint on the periodicity [22]. 
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In what follows, it is convenient to use the frame fields 


i“ = AdS^ directions 

= Ra\^‘^dx, = Ra^^'^dy 

= R^l^^Li , = RPI^^L2 , = Rfd^^^Ls, 


so that we have the matrix given by 


K = 


0 0 \ 
0 Rl3l^^ 0 

V 0 0 R^l^y 


3.1 Nonabelian T-dual model 


(3.7) 


(3.8) 


We want to T-dualize [11] (see also [26] for the complete list of dual transformations) 
with respect to the SU{2). As in section 2, we form the matrix Mij, given by Mij = 
9ij + hj + a'eijkVk, so {bij = 0, gij = 


M 


^ R^fii avs —a' 1)2 
—a'v3 R?l3i a'vi 
g/v2 —a'Di R?^2 


(3.9a) 


We pick a gauge where 0 = (/> = U 2 = 0, so that v = (cos)/)Vi,sm'i/)Vi,V 3 ). This gauge 
is useful when the vector is a Killing vector as the present case (see [11], for further 
possible choices). Therefore, the matrix M in this gauge is 


( R^jdi a'Vs —a' sinijjvi^ 

—a'Vs R?ldi a'cos'i/'Ui 
a'sin'^ui —a' cosipvi R‘^132 y 


(3.9b) 


The dilaton in the dual theory is given by 






(3.10) 


where A = det M = R^[{R^l3f + a'^vDh + a'^^^fA]. 

To simplify the notation, from now on we absorb R? in /3i,/32, a' in ui,U 3 , as well as 
R? in Qfi,a 2 )7- 

The inverse of the matrix M is then 


(M 


-1\T 


1 

A 


/ S 3 ip 2 + Vicos^ ij) vsh + ViCos)l)sin'ijj U1U3 cos V’— fi/^i sint/;' 
—^3/^2 + cos'0 sin t/; /3 i/ 32 + uf sin^ui/ 3 i cos V’+ sint/; 


yuiU 3 cos if) + vijdi sin ij) —ui/3i cos 'll) + vivs sin ij) 


+ /3? 


(3.11) 

Finally, taking the symmetric and skew-symmetric part of (2.7), we get the following 
T-dual fields 
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For the solution (3.1a - 3.Id), where = {x,y,AdS^ coordinates} and i = 1,2,3, 
we consider just the terms which will be affected by the non-abelian T-duality, namely, 
Qxx,Qxi and Qij, giving 


Qxx — Gxx — ^2{]j) 

Qx3 — Bx3 — 7 ( 5 ) 

Qii = Q22 = 5ii = f^iiu) 

Q 33 = 533 = h{y) 


For the metric, we obtain G^i = 0 V/i, / x. Moreover, we have the diagonal 

component 

^ 2 I a2\ 2 


1 


the crossed terms 


and the gij components 


1 


Gxx — <y-2{y) + ^(^3 + l^i)i 5 


Gxi = -^ 7 x 1 X 3 cos V’ 
Gx 2 = ^ 7^1 ^^3 sin V’ 
GxZ = ■^7(^3 + /^l) ! 


1 


1 


511 = ffi’Icos^V'), 512 = x^i cosiAsini/i, 513 = cos i/i 


1 


A 


1 


A 


A 

1 


A 


531 = ^ 1 ^ 11^3 cos lA, 532 = X ^ 1^3 sin V’, 533 = x (^3 +/^l)- 


A 


A' 


All in all, we have the type IIB metric 


(3.12) 


(3.13) 


hi = ^v{cosiis\nii, 522 = + 111 sin^i/;), 523 = x^i ^3 sini/’ (3.14) 


where 


ds^ = ds^ + —dT,"^, 

A 


ds2 ^ ds\^g + ai{y)dy^ + a2{y)dx^ 


(3.15) 

(3.16a) 
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and 


27 

= 7^(u| + 0l)dx^ H— -^dx [fi7;3(cos ijjdvi + sm'tpdv2) + (v^ + I3l)dv^'\ 

V 2 

+ ^ (/3i/32 + v\ cos^ 'il^)dvf + {P 1 P 2 + vf sin^ i’)dv 2 + 2ui cosijj sm'ijjdvidv 2 (3.16b) 


+ 2viV3 cosij^dvidvs + 2z;i?;3 smipdv2dvs + (v^ + I3f)dv‘^ 


Remembering that v = (r;! cos-^,?;! sm'0,?;3), we rewrite it as 

='y^(v^ + 0l)dx^ + ^dx (yivsdvi + (vj + I3l)dvz) + ^I3il32vld'il?+ 

v 2 ^ 

+ ^(/3i/32 + vl)dvl + viv^dvidvi + ]^{vl + 0l)dvl. 


(3.16c) 


For later use, we calculate -v/deFgi))* for this metric, where gint refers to the internal, 
non-AdS, part of the metric. Writing explicitly the factors of R and a', we obtain 


^a'^ ^/a{ a//?!/ 32 Vdet M , 


(3.17) 


where M is the matrix 


( Ai2^a2 + "i^R^{ol‘^v\ + -^R?a''^viV2, ;^i?^(a'^u| + /3fR^)\ 


M = 


^R^a'‘^viVi 


l3ihR^+a''^vl 




a 


2 

/2 1)1 V?. 


a' 2 ^ 


(3.18) 


and we find 

detM = ^ ^ det gint = Vq:iQ2/3i 

Finally, the T-dual Kalb-Ramond field is given by 

IVlPl 


(3.19) 


B = 


V2A 

1 


+ 

1 

A 


■dx A (— sin 'tpdvi + cos 'ijjdv 2 ) 

—v^j32dvi A dv 2 + viPi sin ipdvi A dv^ — ui/3i cos '0(if}2 A dvs) 


vfPi 

V2 


1 


V2 


1 


ydx H— i=dv'i — -viV‘ij32dvi 


A dip. 


The T-dual vielbeins are ^ 


^1 = - 
^2 = - 
eg = - 


7\/A 


V2A 

VN 

y/2A 

v^A 


{viv^hdip + {vl + /3i/32)iiui + viv^dv^) - -^vivsdx 


{vitdihdip - hv^dvi + vipidv^) - 


iVK 

A 


viPidx 


{-vlPidil! -t- uiU 3 ciui (u| + I5l)dv^) - {v^ + 0l)dx, 


(3.20) 

(3.21a) 

(3.21b) 

(3.21c) 


®In fact, we have two different sets of dual frame fields related by a Lorentz transformation, that is, 
c+ = Ae_, as a result of the different transformation rules of the left- and the right- movers in the sigma 
model [11]. For simplicity, in this letter we consider just the e+ terms. 


- 8 - 



























where we have defined the rotated vielbeins 


cos if} sin ^ 
— sin 'll) cos "0 


ei 

^ 2 , 


In term of this basis we write the Kalb-Ramond field (3.20) as 


(3.21d) 


B V3 


(3.22) 


Using these results,we are able to hnd the RR forms in this type IIB background. We 
write the four-form (3.Id) as (ei A e 2 A 63 = vol{S‘^) A L 3 , remembering that /3j contain 
R 2 ) 

F4 = Ho dy A ei A 62 A 63 = A ei A 62 A 63 , ( 3 . 23 ) 

where = Eody with Hq = — 4 \/ 2 R/( 3 / 32 ^^) = 4\/2/\/3(l — cy). In this way we have 
written the RR 4-form in the way suited to apply the nonabelian T-duality as described 
in the Appendix. 

Using these rules, we find U 4 = F 2 = 0 and (reintroducing all factors of R and a') 


F, = = dCo = 

F3 = dC2 - dodB = A A 


(3.24) 




= Eo-e'^^'^A'^dy A Zb A ic 

^ ,_4,/2 r..,2 

= R^yfcJ——jdidyA 
3A ^ ^ 


AM 


y /2 \V 2 


dvs + R?^dx ) — 


vivzh 


dvi 


A dV’ 


a 

= R A Fi , 


1 4^2 1 
3 / 5 V 2 


dy A A t'2 + A 63 


(3.25) 


where the coefficients from the appendix are 

■^a = ^ 1/2 (3.26) 

and = tAiF = iia'(/3j'^^'(;i cos-0,sini/j,This background is supplemented 
by the forms Tg = and T 7 = — -k F^. Using these expressions it is straightforward to 
verify that the Bianchi identities dFi = 0 and dF^ = H A Fi are satisfied. Moreover, 
R A F3 = 0. 

For later use, we also compute the Page charges in this geometry. The quantized Page 
charges in this background are given by ^ 


^Page _ 


'-D3 


2KioRd 3 dSs 


{F 5 -BA F 3 ) = 0 


*Note that 2 «:fo = ( 27 r)^Q:'^ and Top = {2tv) ®a' , so 2k\qTdp = ( 27 rZs)^ ^. 
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QPage _ 


'-D5 


2k^qTd^ JS 3 


(-F 3 — B A Fi) =0 


Q 


Page _ 

D7 “ 


1 


2k\qT£)J 


rvi 

Jyi 


Fi = 


4 .V 2 

a'3/2 9 


{y2 - yi) 1 - 


c{yi + 2 / 2 ) 


= Nd7 (3.27) 


where, since after an abelian T-duality along the x-direction on the solution (3. la-3.Id) we 
get a the Sasaki-Einstein manifold, we have [22, 25] 


yi = ^(2?5 - 3g - W -3g2) 
2/2 = ^(2p -f 3g - V4p2 - 3q2) 


(3.28) 


the solutions to cos^ C = 0, and p, g G N with (p, g) = 1 for p > g. One may verify that 
this new background has M = 1 supersymmetry, under the criteria of [11]. In fact, in 
[27] the authors have proved that the vanishing of the Kosmann derivative in the dual¬ 
ized directions of the Killing spinors means supersymmetry is preserved.^ In the present 
case, the derivative trivially vanishes, because the Killing spinors are independent of the 
dualized directions. Moreover, in [27] a proof was given for the formula (2.16), with closed 
expressions for the dual p-form potentials, that can be applied more easily to specific cases. 


Note that we could have considered the same calculation with a different gauge fixing 
for the Lagrange multipliers. Consider that the matrix M is instead 

( /3i U 3 -vA 

-V 3 (3i ui , (3.29) 

V2 -vi h ) 

with V = (pcos C sin X, pcos C sinx, pcos x). In this coordinate system, we have that A = 
/^2(/3 i + cos^ x) + /^iP^sin^x- The inverse of the matrix M gives equation (3.11), but 
with the replacements 


tjjC, ^ psinx, V 2 ~^pcosx- (3.30) 

4 Flowing from AdS^ to AdS^ 

In a recent paper [20] , the authors considered the construction of a supersymmetric domain 
wall that approaches AdS^ x ^ in the UV limit, and AdS^ xM? x x in the IR limit. 
In this section we consider the non-abelian T-dual solution of the domain wall ansatz and 
see that it has as its limit the non-abelian T-dual of the AdS^ x AdS^ x x x 5^ 

in the UV and IR respectively. 

In fact, the non-abelian T-dual solution of AdS^ x ig already known from [11]. We 
therefore start with a short review of this solution. We consider the conventions of [20]. 

®The supersymmetry preservation under nonabelian T-duality was discussed before in [14] and [28]. 
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Then the type IIB solution is 


+ g(<^'Si + dsl) + g{d'4’ + Py 
^Fs = A{volAdS5 + voIti.i), 


(4.1a) 

(4.1b) 


and B = 0, (j) =constant, where dsf = dOf + siv? Oidc^f and P = cos9id(j)i + cos 02 ii 02 
and we make the replacements vi ^ 2yi and U 3 2^2 ■ The NS-NS sector of the T-dual 
background is given by 


d^T(AdS5Xpp = dsAdSs + ^odSi + 
1 

A 

A 2 




A “^ 3 

+ ^ [{Vi + >y>yy)dyl + {yl + K)dyl + 2 yiy 2 dyidy 2 \ 

- y2 

B = [yiy 2 dyi + {yl + Xo)dy 2 ] A Ug, 
e- 2 <^ = 8Aa'-3/2^ 

where Aq = 1/6, A2 = 1/9, fjg = d'i/’ + cos^id^i, and 

A = det M = 8A = 8[Aoyi + A^(y 2 + Aq)] 

= Pivf + /32(u| + /3g). 


(4.2a) 

(4.2b) 

(4.2c) 


(4.3) 


Here /3i = 2 Aq, /32 = 2A^, ui = 2yi and U 3 = 2y2, and as in section 2, we have absorbed a 
factor of in /3i, / 32 , and a factor of a' in ui, U 3 . The RR-sector is given by 


a'^pRF2 = 8V2A^Asin0i#i A 

q/^PrF^ = —8\/2AqA^ sin0id(/)i A dOi A Ug A (AQyi(iy2 — X^y2dyi). 
For completeness, the T-dual vielbeins are given by 

e'l = -^ [{yl + X^\l)dyi + yiy 2 {dy 2 + A^Ug)] 


(4.4) 


^ [X‘^y2dyi - Aoyi(iiy2 + AVg)] 

^3 = -^ [yiy2dyi + {yl + \t)dy2 - Ao^iUg] , 


and as before, we defined the rotated vielbeins 


cos ijj sin ^ 
— sin 'll) cos "0 


ei 

T 2 , 


(4.5a) 

(4.5b) 

(4.5c) 

(4.6) 


This completes the type IIA background T-dual to AdS^ x type IIB super¬ 

gravity. 
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4.1 AdSs solution and its non-abelian T-dual 

The solution with metric AdS^ xM? x S‘^ x is given by 


+ dzf + dzl + ds\ + dsl +-{dip + P)‘ 
B =- ■;=Zl{voll — V 0 I 2 ) = - -j£^Zl{voll — V 0 I 2 ) 


R‘^ 6 v^ 

Tf3=— 

“ 6^/6 


2y/2R'^ 


dz2 A {voli — V0I2) 


(4.7a) 

(4.7b) 

(4.7c) 


■^^5 ^VolAdSs ^ 
+ {d'ip + P) A 


Mzi A dz2 + — {voli + V0I2) 


voli A V0I2 + -^dzi A dz2 A {voli + V0I2) 


(4.7d) 


where r is a constant. 

In order to find its T-dual, we consider the Maurer-Cartan forms 
Li = —={cos'pd92 + sinip s\ii62d4>2) 

V 2 

L 2 = —^(—sin '0402 + cos '0 sin 02402 ) 

V2 

L 3 = —(40-I-cos 02 # 2 ), 
v 2 

such that V 0 I 2 = 2 Li A L 2 . Using the set-up of section 2, the vielbeins related to the 
directions to be T-dualized are 


(4.8) 


= ff^Li 

e' = PI^^L2 

-|- l/\/ 2 cos 0i40i). 


(4.9a) 

(4.9b) 

(4.9c) 


where we have defined and 02 = absorbing the factors of R? in them for 

simplicity. 

With these definitions, we may write the metric as 

4s^ = ^ 2 iP^ds\fig -|- ds\ A 4^2 + dzf A dz"^) A ( 2 ^)^ + (f^)^ + (^^)^ 


(4.10) 


and the RR-forms as {V 0 I 2 = A e^, 40 -|- P = -^e^) 

VI V P2 

-^Fs =—^dz 2 A voli - ^dz 2 A A 

R 6v6 v2 


(4.11a) 


—P5 =— 

R4 ^ 27 


VolAdSi A 


T Z 1 9 

44^;i A 4 z 2 + — ( + — e A e 

01 


a /2 




2 ^ 

-I—i=c^ A uo/i A —A -|- —dzi A 4^2 A ( voli A — A 
^8 


01 


2 


(4.11b) 
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or as 


where 


Fs =G® + G\^ A A 

F 5 =G® + A + Gl^ A A + G® A A A , 


= ^volAdSa A 


4(izi A dz 2 + —voli 


^ G^ - 


V2f 


dzi A dz 2 A voli, 




1 r -12 _ ^' 

- — 


27/3i 


VolAdSs 


1 


(3) _ 


_ 

- 

1 


1 


27V2pl/^^^ 


T 


voli + —dzi A (iz 2 


-T^Gi = - 7^dz2. 


(4.11c) 

(4.11d) 


(4.12) 


V2 

The matrix M is given by Mij = gij + bij + a'eijkVk, so (after absorbing a' factors in Vi) 


( 


M = 


Hi 

V2 


+ ^3 -V2 

Hi 

-Vl 



(4.13) 


As before, we consider the gauge fixing 0 = ()) = U 2 = 0, so that v = (cos V'l’i, sin t/jui , U 3 ), 
and for simplicity we define ua = ^/?2 + f^S; in such a way that the inverse of M is (3.11), 
with the replacement U 3 ^ U 3 , that is. 


{M-^f = 


^ H 1 H 2 + v\ cos^ ifj U3/32 + t'l cost/’ sin uiua cost/j — sin-f/;' 
—ii3/32 + cost/’ sin t/; ^iI 32 + v\siv? ili viHicosiH + viv^siml) 

cos 'll) + viHi sin t/; —cos t/’ + TTiUa sin t/; vl + Pi 


where the determinant det M is A = det M = (/3f + u |)/32 + vfHi- 

Under these definitions, we must apply the duality on the following fields® 


(4.14) 


Qct> 4 > = Gij,^ = H 2 (sin^ 0i + ^ COS^ 6»i) 

72^ 

Q(t>3 = G(j )3 = Qsff, = —H 2 cos 61 

Qee = Ggg = H 2 


Qep = Bg^ = -^ziH 2 sin6»i 

Ei 2 = ^12 = ^$ 2^1 

.Ell = E 22 = gii = Hi 

E 33 = 933 = H 2 


Using these results and the same procedure as in section 3, we find that the dual metric, 
dilaton and B field are 

ds\dS 3 xR^xS^xS^ = H 2 { 2 ds\as 3 + dzf + dzi + dsf) + -^Hi^vUdi) + cosOidHif 

®Note that since the dependence on the angular coordinates {4>2,d2) is encapsulated into the Maurer- 
Cartan forms Li, in what follows the subscript {(j>,6) refers logically to {(j}i,9i). 
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+ 


2A L 

= 6--In ^ 


{hh + vl)dvl + {vl + Pl)dvl + 2viV3dvidv3 


vi 


a‘ 


,/3 


B = —-^^{v3f32dvi — viPidvs) A dip 

— ^ sin OidOi A dpi + viV 3 cos Oidpi A dvi 

2V2 2A 

+ cos 0i(v^ + /^i) dpi A (ius 

^ + (wi + (df)dv3). 


(4.15) 


(4.16) 


For later use, the Vdet gint for this metric {gint is as before the internal, i.e. non-AdS, part 
of the metric) is 

- , 3 sin 6 »i 

y/detgint = Oi ^ Vl. (4.17) 

With F3 and F 5 written as in (4.11c) and (4.lid), we can apply the formulas in the 
appendix, reintroduce the factors of a' in (4.12), (4.15) and (4.16) and obtain the RR-sector 
T-dual forms Fi = F 3 = F 5 = 0 and {Fq and Fg would be redundant, as we consider their 
Poincare duals F 4 and F2) 

F2 = + Gf A (Aae^ - Aie^ - Aoe^)} 

F4 = {A3GI + Gl^ A (Aae^ - - Aoe^) + G® (Aie^ + Ase^ + Age^) 

A (A 3 e^ A + AJ^ A + A 2 e^ A e^) + A 3 Gj^e^ A A e^j , (4.18) 


where as before, ^ = \fKol ol'^Ge!^ ^Aq = Pi-\j~^ and ^Aa = Aa, and the 

dual vielbeins are 


^AdSs 

s'2 

^AdSs 

A 

^AdSs 


Pi 


1/2 


V2A L 


Pi 


1/2 


^/ 2 A 


.Ail 

v^A L 


{P1P2 + vl)dvi + vivsdvs + viV 3 P 2 {d'p + cos 9 idpi) 
P 2 V 3 dvi - viPidvs - viPij32{dip + cos Oidpi) 
viV 3 dvi + (h| + Pl)dv 3 — vlPi{dp + cosOidpi) 


(4.19a) 

(4.19b) 

(4.19c) 
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4.2 Domain Wall and its non-abelian T-dual 


The Domain Wall solution which has as limits the above AdS^ and AdS^ solution is given 
by 


1 


-^ds%^r =e‘^^{—dt‘^ + dx^) + {dx\ + dx"^) + dp^ 

+ \e^^{ds\ + dsl) + \e^^{\/ 2 L 2 , + cos 9id(j)if 
D 9 


1 — T 

-^B =—xi{voli - V 0 I 2 ) 

1 T 

=Qdx 2 A {voh - V0I2) 

dt Adx A dxi A dx 2 Adp+ + cos0id(/>i) A voli A V 0 I 2 

R^ 27 


(4.20a) 

(4.20b) 

(4.20c) 


H- dxi A dx2 A {V 2 L 3 + cos 9 id(j)i) A {voli + V0I2) 

36 

J .2 

+ dt A dx A dp A {voli + vol 2 )- 


(4.20d) 


Here r is a constant and A,B,U,V are functions of the radial coordinate p. From this 
solution, we see that we can recover AdS^ x by setting the constant r = 0 and 

A = B = p and [/ = F = 0. On the other hand, to recover the AdS^ x x 5^ x 5^ 
solution, we set 


. 33/4 

A = —^p, 


and change variables by Xi ^ Zijy/Q . 

As before, the T-dual model is given by 


B = U = -V = -\n[ - 


(4.21) 


ds'nw = B?e^^{—dt^ + dx^) + E^e^^{dx\ + dx^) + R^dp^ 

+ ^e^^dsl + -^Pi/32vl{d'ip -|- cos didcpi)'^ 

+ ^ {{Pi^2 + vl)dvl + {Pf + vl)dvl + 2viv‘idvidvii] 

- = -Z^^yoh + ^0-3 A {viV 2 ,dvi + {vl + idl)dv^) 

^ = 0-iln^, (4.22) 

where we have defined 

h = U3 = ^xi +V3, A = {^f + r;|)^2 + vf^i , (4.23) 

and as before we absorbed factors in Pi and a' in Vi. 

We can easily see that we can obtain the correct limits in the NS-NS sector. The UV 
and IR limits of the T-dual solution to the domain wall are the non-abelian T-duals of the 
AdS^ X r(34) and the AdS^ x x x solutions, respectively. 
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In the RR sector, we could verify term by term that the equality holds, but alterna¬ 
tively, one can find the RR-forms components in the same way as in (4.12). In the present 
case, we obtain 


= dt A dx A dp A ^ ‘^^dxi A dx 2 + ^vol^ 


R4 

- 




36/3. 


1/2 


dxi A dx 2 A voli 


= \dx 2 A voh 


- 

1 


2^2 


27AA 


1/2 


vol\ 


36 , 01 , 5 . 


1/2 


2 

6^1 

dxiA dx2 


1 ^12 _ A2A-2B-V 

2V2t'^ 


dt A dx A dp 




(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 


Then the T-dual RR-forms are as in (4.18), i.e., 

F2 = e-^ {-TloG® + Gf A {A2i^ - - Aloe^)} 

Fi = e-^ {^sGl + Gl^ A (Aae^ - - ^oe^) + A (^ic^ + + ^ge^) 

a (^ 36 ^ A -b A2i^ A -b AiP A e^) -b ^sG^e^ A A e^j . 


(4.29) 


Finally, we can also compute the vielbeins and see that they have the correct limits, there¬ 
fore the RR-sector also has the correct limits. For instance, the frame field of the Domain 
Wall is 

«V 2 

^AdS{DW) = [vivsdvi + {vl -b Pl)dv 2 , - vjPiidip - cos6»i#i)] , (4.30a) 

and we can easily verify that the UV and IR limits are the frame held in the AdSs, AdSs 


^AdSs — 


^AdSs — 


v^A 

v^A 


[i;ii; 3 di;i -b (f| -b f3l)dv3 - vlPiidip -b cos Bidcpi)] 


viv^dvi -b (hf -b Pi)dv3 — v\Pi{d'il) -b cos9id(f)i) 


(4.30b) 

(4.30c) 


respectively. 


5 Dual conformal field theories, central charges and RG fiow 

An interesting question is, what happens to the conformal held theories dual to the gravity 
backgrounds with AdS factor under nonabelian T-duality on the extra dimensional space? 
The answer is not obvious. Abelian T-duality on a direction transverse to a Dp-brane 
turns it into a D(p -b l)-brane, but if the original direction is inhnite in extent, the T-dual 
direction is inhnitesimal in extent. However, this discussion makes sense only in the region 
far from the region where AdS/CFT is relevant, the core of the D-brane. 
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Naively, abelian T-duality on the transverse part of a gravity dual should increase the 
dimensionality of the brane, therefore of the field theory dual to the background. But if we 
perform a nonabelian T-duality on a space with an AdS factor, in such a way that the AdS 
factor is not affected, and moreover the T-duality does not introduce a new AdS direction, 
then it seems that the dimensionality of the dual conformal field theory is unaffected. And 
yet since the gravity dual is modified, it is logical to assume that the conformal field theory 
is modified as well. 

To understand the effect of nonabelian T-duality on the conformal held theory, we need 
some probes of the transverse space in AdS/CFT. Such probes are for instance wrapped 
branes, dual to solitonic states in the held theory, like the example of the 5-brane wrapped 
on in AdS^ x giving the baryon vertex operator [24].^ But a more relevant probe 
was considered in [13], namely the central charge of the dual held theory as a function of 
the number of branes. 

One can calculate Page charges in a gravitational background, and identify those with 
the number of branes that generate the geometry. For the central charge of the dual 
conformal held theory, a slight generalization of the usual formula was provided in [13]. 
For a metric on = AdSd +2 x of the type 

ds% = A dz^i -|- AB dr"^ + gijdO^dO^ , (5.1) 

with a dilaton cj), dehne the modihed internal volume as 

= J ( 5 . 2 ) 


and then H = Then the central charge is given by 


C 




2d+l 

2 


Gn{H'Y 


(5.3) 


where Gtv = is the Newton constant in D dimensions and prime denotes the 

derivative with respect to r. 

The expectation of increase in dimensionality through T-duality affects the D-brane 
charges of the gravity background. For a geometry with an AdS^ factor in type IIB, 
generated only by D3-branes (with only D3-brane Page charges), after T-duality we expect 
the geometry to be generated by D4- and D6-branes only, i.e. to have only D4- and D6- 
brane Page charges 


^Page 
^1 


'-Di 


Q 


Page _ 

D 6 “ 


2K?„rD4 Ly* 
' / 


-B AF 2 ) 




F 2 . 


IY2 


(5.4) 


For an abelian T-duality, we would expect only D4-brane charge, but for nonabelian T- 
duality (in some sense a T-duality on 3 coordinates), the expectation, confirmed by a 

^Baryon vertex probes in this context, but in other dimensions have been considered in [19] and [15]. 
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calculation, is that only D6-brane charges appear. One can calculate the central charges 
and express them as a function of the Page charges. In the AdS^ x case, we find that 
C = 327r^i2®a'“^ = before, and C = (87r®/3)i?®a'“^ = (27r®/24)A''|,g after the 

nonabelian T-duality, leading to the relation® 

Cbefore _ (c- c', 

Rafter D6 

which is found to be satished also in other cases of non-abelian T-duality on type IIB 
geometries generated by D3-branes. 

An interesting question which we will try to answer in this section is whether a similar 
formula is valid in more general contexts in the case of geometries with an AdS factor. 


5.1 Page charges 

• In the case of section 3, the starting geometry is in type IIA, the reverse of the situa¬ 
tion considered in [13]. Since F 2 = 0 in the background before T-duality, = 0, 

and we only have a nonzero result for 

c>3 m r 

r]{y)dy vol{S‘^) A L 3 


Nda = \QdT\ = 




- ( ^ \ 2 V 2 

\27r\/c7) 9 

V Is ) 97r 


( 2/2 - yi) 1 - c 


yi +y 2 


Att‘^V 2 


(5.6) 


After the nonabelian T-duality, we have calculated in section 3 that = 

0 and 


Nd7 = \QdT\ = 


4 V 2 

q,/3/2 9 

ny 4 V 2 
Tj ~9 


iy 2 - yi) ( 1 - c 

K. 


yi + y 2 


(5.7) 


• In the case of section 4, the we have a Domain Wall solution that interpolates between 
an AdS^ x and an AdS^ x x x S'®. This can be also found in the AA = 4 
D=5 gauged supergravity arising as a consistent KK truncation of type IIB on 
[20], and as such it can be interpreted as an RG flow between two fixed points in 
the dual field theory. A relevant question is then, is the ratio of the central charges 
before and after the nonabelian T-duality modified by the RG flow? 


For AdS^ X T^’^, the Page charges before and after the nonabelian T-duality were 
found in [13], = 0 and = A'd 3 before, and [Q^g^''] = A'd6 , 

2^4^^ = 0 after the T-duality, with (in our conventions) 


Nd3 


4R^ 
277ra'2 ’ 


A'dg 


4^2 

27a'2 


R^. 


(5.8) 


®The formula in [13] is actually with a factor of 3 instead of 24, since different conventions for T-duality 
were considered, with Li — ai instead of Li = ail'/2, giving an extra 2\/2 in the quantization of the Page 
charges after T-duality. 


- 18 - 














For AdS^ X X X the Page charges before the T-duality were found in [20]. 
Assuming that R^ is compactified to a x S^ 2 ) with period 27ri2dj\/6, and 

defining s{S) as a homology 2-cycle generator in S'^ x S^, one has the integers 


Qn5 = 


H 


{2'kIsY Js\^^xs{S) 

Qd 5 = j s 2 / *^^2 

{2Trlsy Js^^^xsiS) 

and the (D3-brane) Page charge quantization condition is 

1 


{‘2'kIs)' 7e 5 
For Sg = 52 X one obtains an integer 


[ (F^-BA dC2) G z. 

Jt,k 


•gy uo/(rbi) 

Is 47r4 


(5.9) 


(5.10) 


(5.11) 


and for Sg = x M 3 , where M 3 is a homology 3-cycle generator in S'^ x , one 
obtains an integer 

N = ^ = -^QmQD^- (5.12) 

Moreover, the above flux quantization is actually valid over the whole domain wall 
solution. 

After the T-duality, we have F 2 and F 4 , so we need to consider the quantization of 
D4-brane Page charges 


and 


For S 2 = T^, we obtain 



Nd6 = 


and for S 2 = we obtain 


T^2\f2 2^did2 

- A.1T - 

216 2-kIs II ’ 


A'd6 = 


2 V 2 4tt 
27 2TTlslf’ 


(5.13) 


(5.14) 


(5.15) 


(5.16) 
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5.2 Central charges 


For the case in section 3, the central charge before the T-duality is obtained using 
A = R^r^, B = r~^ and d = 3, leading to (f Li A L 2 A L 3 = 2'k‘^\/2) 


a'r^R^ ( c{yi+y2)\ a'r^R^STr^ 

Vint = -;-(27r)-—(^2 - yi) 1-^- 1 =-^- —K 


I 


9 


and therefore 


Cbefore — 


2 

R^ S-K^ K 


I 


9 


(5.17) 


(5.18) 


8a'3 9 I ’ 

where the Page charge quantization condition (5.6) means that we can write R? 
as a function of A^d 45 giving 




before 


97r5 

4 Kl ■ 


(5.19) 


After the T-duality, the central charge is found using the same A = R?‘r‘^, B = r ^ 
and d = 3, leading to (also using the Vdet gtnt calculated in (3.19)) 


Vint — 


a'R^r^ 
21 


/o \2^ f dvivi f dV3 


(5.20) 


To calculate the integral over the Vi, we can use as another gauge fixing, related to 
the previous coordinates by vi/a' ^ pcosx and v^/a' ^ psinx with p,x ^ 
leading to a value of 27r^/3 for the integral.® We then obtain 


C, 


tt^K /R 


after 


Ml \l 


(5.21) 


and from the Page charge quantization condition (5.7) we can write R^ja'^^'^ as a 
function oi N £,7 , giving 


ftp.r — 


371^ 


^after - 

^before 


We see that the ratio is 


48Nl, 


C, 


after 


Ar 2 


(5.22) 


(5.23) 


which is basically the same as in (5.5), with the obvious generalization to A^|)p/A^£)p_|_ 3 ) 
and an extra factor of 2 which is probably the effect of a different normalization. 

For the case in section 4, on the AdS^ x side, the central charge before the 
T-duality was found to be [13] 


C; 


( 1 ) 


tt^R^ 


27 


_ _ Ar 2 

before 27a'^ 8 ’ 


(5.24) 


®The rangle of p was defined in [15], and was then used for the calculation of central charges in [13]. 
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and after the T-duality 


(1) ^21^7^ 

'-after 3^/4 


= —tt^N 
64 


D 6 5 


(5.25) 


leading to the ratio in (5.5). On the AdS^ x T'^ x S'^ x side, the central charge 
before the T-duality is [20] 


M2) _ SRAdSs 8did2 voljT^’^) 

before “ 2 G 3 ~ 2 \ls J 9 4tT^ 

= llNQmQobl = 3|iViV| = SNdsNds. (5.26) 

Here G 3 is the effective Newton’s constant, obtained from the dimensional reduction 
of the action in string frame, thus proportional to {R/lsYvol{T'^'^){ 2 'Kdi){ 2 'Kd 2 )- Af¬ 
ter the T-duality, using the Vdet gint calculated in (4.17), and doing the integration 
over Vi in the same way as in the case in section 3, with result 27r^/3, we obtain 


_ l2{2Ttfdid2 f 1 y/^27r3 
~ r y /2 V3V3/ 3 


(5.27) 


leading to 

09/0^7 d 8 a _ 

C-after = 321/4 = -^3~^^^V2tT^ NdgNdG- (5.28) 

The ratio of central charges before and after the T-duality can therefore be expressed 
as 

cQore _ 35/^V2r2 NdsNds , . 

Svre NdgNdg' ^ ’ 

after 

Note that now we can fix r such that the prefactor equals 24, obtaining 


^before _ ‘2'‘iN 
after 


(5.30) 


which is essentially the same formula (5.5) that was valid on the AdS^ side of the 
domain wall. The factor r is related to a redefinition of the fields, coupled to a 
rescaling of the xt (or Zi) coordinates [ 20 ], which are the two coordinates that change 
from the AdS^ on one side of the domain wall to a AdS^ x on the other. It is 
therefore not surprising that changing r allows us to change the normalization of the 
central charge dual to AdS^, with respect to the one dual to AdS^. 


6 Conclusions 

In this paper we have studied the nonabelian T-duals of some backgrounds with AA = 1 
supersymmetry and an AdS factor, that can have an AdS/CFT interpretation. We have 
considered the nonabelian T-dual of a type IIA solution with an AdS^ factor, giving a type 
IIB solution with an AdS^ factor, and the nonabelian T-dual of a type IIB domain wall 
solution that interpolates between AdS^ x and AdS^ xM? x 3“^ x S^. 
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We have probed the interpretation of nonabelian T-duality of these solutions from the 
point of view of the dual conformal held theory through a calculation of the central charges. 
We have found that the simple law (5.5) found in [13] for the ratio of central charges before 
and after the T-duality holds in all cases, with the obvious generalization of to 

^Dp/^Dp +3 In the case of the type IIB dowain wall solution, we 

obtained the usual oc N'^ behaviour, and on the AdS^ side we could hx the normalization 
of the central charge by using a rescaling parameter r, in order to obtain the same law 
(5.5) valid on the AdS^ side of the domain wall. In order to understand better the effect 
of nonabelian T-duality on gravity duals with AdS factors, one needs to study also other 
probes of the geometry, but we leave this for future work. 
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A Nonabelian T-duality action on RR fields 

To act with nonabelian T-duality on the RR fields, one first writes the p-form field strengths 
in the form 

Fp = A e“ + ^^“^2 A e“ A A A A e^. (A.l) 

Using a similar decomposition for the T-dual p-forms Fp in terms of the T-dual vielbeins 


P ^p I ^p 

we have the transformation rules 


Fp — G® + Gp_i Ac -|- 2 A c^ A c -|- G17 q Ac Ac Ac 


A 


V(3) 

^p-3 ^ 


./I A ./2 


/3 


G(o) = e'^-^(-AoG(3)) + A,G“) 


G“ 1 = + A^c'i^ 


( 0 ) 




A<(3) _ 00—0 ( abc/^bc , a ^(0) 

Gp-3 - e'f' I —e Gp_3 -0 AoGp.g 

Here, defining yt = h + a'vi as before and 


+ AoG^_2) - (A,G^_2 - AG“_2) 

Ar. 


z = 




\/detg 

C = 

the coefficients of the transformation rules are 

1 


Aq = 


= 


\/det g 
y/detg 


^/YTC y/detg+ (^“ip*)^ 

Ca 


y/l + C x/detp -b 


(A.2) 


(A.3) 


(A.4) 


(A.5) 
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A.l Particular cases for the coefficients 

In the case of section 3, we have 6 * = 0, so y* = a'h®, leading to 


K^'i = a'Rdiag{^/^Vl, \/%V2, V^vs) , 

and dety = 131132 and 


(A.6) 


y^dety + = RyJ f32{R‘^l3l + a'‘^vl) + a'‘^f3iv1 = yfK. 


(A.7) 


We also have ^ = \/A/a'^/^, so 


a'3/2e'^ ^Aa ^ Aa = Ra'{^/^Vl cosV^, y^vi smijj, ^/^vs) 

a'^l^e^-^Ao = R^hVh- 


(A.8) 


In the case of section 4, the same formulas apply, with the replacement of U 3 with v^. 
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